Documentation of cortical bone elastic properties is important for orthopedic applications and fracture risk prediction. Cortical bone is heterogeneous and anisotropic. Ideally, measurements should be performed on cylindrical samples of characteristic size of a few millimeters, which are adapted to the native geometry and size of bones. Our objective was to measure bone with Resonant Ultrasound Spectroscopy (RUS), which is a powerful method to determine the elastic constants of a sample from a set of its resonant frequencies. Application of RUS to bone is difficult due to viscoelasticity, which causes resonance peaks to overlap. Some of the resonances in the investigated frequency band cannot be observed. The formulation of the inverse problem, which requires pairing measured and predicted frequencies, must be adapted in the case of bone. We developed a dedicated signal processing methods to retrieve resonant frequencies from overlapping peaks. A probabilistic approach was used, which allows an automated pairing based on a Bayesian criterion. The method was validated on PMMA for both isotropy an transverse isotropy assumptions. The adapted RUS method allows the automated assessment of bone elasticity with a precision of a few percents, which is a significant improvement over traditional methods based on velocity measurements.
INTRODUCTION
Cortical bone is an anisotropic and heterogeneous material. A proper characterization of bone elasticity, which is important for orthopedic applications and fracture risk prediction, requires measurement of all the terms of the elastic tensor on a unique small volume of material to avoid any effect of specimen variability. In a resonant ultrasound spectroscopy (RUS) experiment, the resonant frequencies of a freely vibrating specimen are measured, paired with model-predicted frequencies, and the elastic constants are adjusted until predicted and measured frequencies match. Because RUS does not assume propagation of pure bulk waves, there is in principle no limitation in the size of the tested specimen. This is an advantage over the state-of-art sound velocity measurement method, which requires samples larger than a few millimeters (≈ 5 mm) to ensure bulk wave propagation [1] .
Application of RUS to highly viscoelastic materials (mechanical quality factor Q < 100) has not received much attention because of the difficulties that it implies. However, after being reported to fail on bone because of a strong damping which causes resonant peaks to overlap [2] , RUS has been successfully used on a cortical bone rectangular parallelepiped specimen with Q ≈ 25 [3] . This was possible thanks to a signal processing method, previously developed to retrieve the resonant frequencies despite an important overlap in the spectroscopy of rock samples [4] . RUS was applied to viscoelastic cylinders in [5] , but only the first resonant frequency was measured and all the elastic constants were not estimated. In the present work, we extend the approach of [3] to cylindrical specimens of viscoelastic materials, which has never been reported before. Because of the native curved geometry of bones, it could be easier to extract cylinders than rectangular parallelepipeds from the thin cortical shell of bones.
In the first part of this paper, the method for the prediction of the resonant frequencies of an orthotropic cylinder is described. Then, the experimental setup and the signal processing are presented. A difficulty in RUS during the estimation of the elastic constants is the correct pairing of the measured and predicted frequencies. We propose here a solution based on a probabilistic formulation of the inverse problem. The method is applied to four small cylindrical samples of PMMA, an isotropic polymer with damping comparable to that of bone. The elastic constants are estimated from the resonant frequencies for both isotropy and transverse isotropy assumptions (as human bone is frequently modeled as transversely isotropic).
RESONANT FREQUENCIES OF AN ORTHOTROPIC CYLINDER
The harmonic solutions to the 3D equations of motion for a freely vibrating elastic body are the stationary points of the Lagrangian L
where V and ρ are respectively the specimen's volume and mass density, C i jkl are the stiffness constants, u i is the ith component of the displacement field and i j and kl are components of the strain tensor. In RUS, the solutions are obtained through the Rayleigh-Ritz method. The displacement field is expanded as a finite sum of known basis functions and the stationary equation ∂L = 0 is written as an eigenvalue problem
M and K denote respectively the mass and stiffness matrices of the vibration problem, α is a vector containing the coefficients of the expansion and ω are the angular resonant frequencies.
Although the calculation can be performed in a rectangular coordinates system for a cylindrical specimen [6] , the use of a cylindrical coordinates system (r, θ, z) is more efficient and FIGURE 1: Cylindrical sample geometry in the (r, θ, z) cylindrical coordinate system. The three components of the displacement field are denoted u, v and w in the directions r, θ and z, respectively. The material is cylindrically orthotropic so that both the shape and the elastic properties are invariant for any rotation about the cylinder axis.
provide better accuracy [7] . We consider a material that is orthotropic in the cylindrical (r, θ, z) coordinate system, i.e. the stress-strain relationship is written ⎛
We denote by u, v and w the displacement field components in the r, θ and z directions respectively (Fig 1) .
For an isotopic cylinder, So and Leissa [8] expressed the displacement field as :
for n = 0, 1, 2, ..., ∞. The θ coordinate is decoupled from the two other coordinates in Eq. (4-6) because of the common circular symmetry of the specimen shape and elastic properties (this is more deeply discussed in [7] ). In the case of the orthotropic cylinder, the common symmetry is still present and we can use the same expressions. Therefore, all the vibration modes involve only a single azimuthal wave number n, and the problem of finding all the vibration modes splits into a set of smaller problems (one for each n), considerably increasing the efficiency of the calculation. In the Rayleigh-Ritz approximation we expand U, V and W as:
Introducing the Eqs. (7) (8) (9) in Eqs. (4) (5) (6) and then in the lagrangian Eq. (1), matrices M and K can be computed and Eq. 2 numerically solved. This is repeated for each value of n up to a maximum value.
It should be noted than another set of solutions than eqs. (4-6) exists, replacing the cos(nθ) terms by sin(nθ) and conversely. For n ≥ 1 it gives the same resonant frequencies, but with modal shapes rotated of angle π/2 (i.e. modes with n ≥ 1 are doubly degenerated). For n = 0 the two solutions does not provide the same frequencies and should be both included in the computation. Resonant modes of the type (u = 0, v = 0, w = 0) are torsional modes (see Fig. 2 ) while modes of the type (u = 0, v = 0, w = 0) are axi-symmetric modes. In practice, we found that it was sufficient to compute resonant frequencies up to n = 5 and that maximal polynomial orders of 8 in both radial and axial direction (M = N = 8) provided sufficient precision.
SAMPLES AND MEASUREMENT SETUP
Four cylindrical PMMA samples were cut from the same long cylinder (diameter 5.15 mm) with different lengths: 3.68, 5.67, 5.71 and 7.15 mm. The idea of using several samples of the same material with different length-to-diameter ratios (between 0.7 and 1.4) was to test the robustness of the method . Mass density of each sample was deduced from a measurement of the dimensions using a digital caliper (accuracy ±0.02mm) and a mass measurement (accuracy ±0.1 mg). Over the four samples, mass density was 1184 ± 1 kg.m −3 (mean ± standard deviation).
The frequency responses of the samples were measured over a frequency range containing approximately the 30 first resonant frequencies. For example, the frequency band for the smallest sample was 140-420 kHz. For the measurement, a sample was placed with slight contact between a pair of ultrasonic shear transducers (Panametrics V154, central frequency 2.25 MHz, diameter 0.5"). The frequency response was recorded using a vectorial network analyzer (Bode 100, Omicron electronics GmbH, Klaus, Austria) and a broadband charge amplifier (HQA-15 M-10 T, Femto Messtechnik GmbH, Berlin, Germany).
The use of shear transducers for RUS on cylindrical samples was proved to produce stronger signal than compressional transducers and to allow mode identification [5] . Indeed, depending on the orientation of the cylinder with respect to the polarization direction of the transducers, different resonant modes are excited (see Fig. 2 ). To take advantage of this, we made 6 successive measurements on each samples, rotating the sample of a small angle between each measurement. As a result, we obtained 6 different frequency responses, involving different resonant modes (Fig. 3) . One of the difficulties of the application of RUS to attenuating materials is that several predicted vibration mode are weakly excited and cannot be measured because they are masked by strongly excited modes [3] . Here, the rotation of the sample varied the relative amplitudes of the vibration modes and then reduced the number of resonant modes that cannot be observed. 
SIGNAL PROCESSING
Because PMMA is an attenuating material, the frequency responses of the samples are not composed by sharp and well separated resonant peaks but by broad overlapping peaks. To retrieve the frequencies, we used the method described in [3] for the application of RUS to bone.
The frequency response FR of the specimen in the frequency range of interest can be modeled as a sum of M Lorentzian lineshapes:
with a k the complex amplitudes, f k the resonant frequencies and Q k the quality factors. Equivalently, the response can be represented in time domain by the impulse response, which is a sum of damped exponentials involving the same parameters. In a first step, these parameters were estimated from a linear prediction method in time domain, following the work of Lebedev [4] . In a second step, the parameters determined in time domain were used as initial parameters of a non-linear optimization algorithm (Levenberg-Marquardt), searching for the set of parameters minimizing the difference between Eq. (10) and the experimental frequency response in a least-square sense. This additional step improves the repeatability of the parameters estimation and the agreement between experimental and reconstructed spectra compared to the time-domain method only [3] .
The procedure was applied to the six measured frequency responses for each sample. Mean and standard deviation of each frequency were calculated. Mean frequencies were used to estimate the elastic constants. Standard deviations evaluate the reproducibility of the method.
AUTOMATED ESTIMATION OF THE ELASTIC CONSTANT
In RUS, the elastic constants are generally obtained through an optimization process, in which the elastic constants are adjusted until the best match between measured and predicted frequencies has been obtained. This process requires that each measured frequency is correctly paired with its corresponding predicted frequency. The pairing is not straightforward because some predicted modes can be missed during the measurement (this is particularly true for highly attenuating materials such as bone [3] ) and because vibration modes can appear in different orders in the measurement and in the prediction. One solution is to measure not only the frequencies but also the corresponding modal shapes of the modes by the mean of a laser interferometer [9] . This method is powerful but significantly increases the complexity of the measurement setup. Another solution, used in [3] , is to pair the frequencies progressively, while the elastic constants are adjusted. The few frequencies that can be paired without doubt are used to update the initial guess on the elastic properties. Then, measured and predicted frequencies should be closer so that more frequencies can be paired. This method does not require modifications of the experimental setup, but requires many interventions of the user. We here briefly describe a probabilistic formulation of the estimation of the elastic constants, based on a Bayesian framework, which provides a quantitative criterion for the automated pairing of the frequencies. We intend to more deeply describe the method in a forthcoming paper.
The basic idea is to define and use a prior probability distribution on the elastic constants. This distribution should reflect the prior knowledge of the elastic properties (for example, from a literature review of the material properties, from a model or from previous measurements). The measured resonant frequencies are also described by a probability distribution, which reflects the measurement uncertainties. Using this two distributions, a criterion measuring the probability of a measured frequency to correspond to one of the predicted frequencies is defined. It measures "how close" a predicted frequency is to a measured frequency, taking into account the prior and experimental probability distributions and the relation between elasticity and predicted frequencies. This criterion is calculated through Monte-Carlo simulation for each combination of measured and predicted frequencies. The couple of predicted and measured frequencies corresponding to the highest probability is paired. For that pair the solution of the inverse problem can be obtained in term of a posterior probability distribution [10] , that is the prior distribution updated with the information contained in the first associated pair. This updated prior distribution is used to recompute the criterion, a second pair of frequencies is included and the prior distribution updated again. The process is restarted until all measured frequencies have been associated to one of the predicted frequencies. The final solution is the posterior distribution obtained when all the experimental information has been included.
The process was applied to the frequencies measured on the four PMMA samples for both isotropic an transversely isotropic elasticity assumptions. We used multivariate normal distributions. The prior distribution on the elastic constants is then fully characterized by a mean point and a covariance matrix. In the isotropic case, we chose a mean point
with a covariance matrix constructed with standard deviations of 33% on each constant and no correlations between the constants. For the transverse isotropic assumption we choose
standard deviations of 15% on each constants and no correlations between the constants. The central values of the distributions have been chosen using values of the elastic constants found on the litterature [11] . The standard deviation were chosen quite large to simulate a realistic situation, where there could be no precise prior information.
RESULTS AND DISCUSSION
Between 17 and 24 resonant frequencies were obtained from the signal processing step for each PMMA sample. Standard deviations on the measured frequencies were all below 0.8%, and were 0.17% in mean. This shows that the procedure for the estimation of the resonant frequencies allows to measure about 20 resonant with a good reproducibility despite the high damping of the material (quality factors of the resonant modes were about 40). 44 . This shows that the procedure for the automated identification of the frequencies and solving of the inverse problem has converged to the same solution in each case. RMS error between predicted and measured frequencies (0.2 − 0.3%) are only slightly higher than the mean uncertainty on the measured resonant frequencies (0.17%). It shows that the isotropic model is succesfull in predicting the resonant behavior of the samples and that the pairing of the resonant modes is correct. The mean results from Table 1 were converted in longitudinal and shear wave velocities and compared with values from [12] and [11] in Table 2 . It can be seen that the values are in good agreement (relative discrepancies between 0 and 2%). Table 3 gives the results of the elastic constant estimation assuming transversely isotropic elastic symmetry for the four samples and compares this results to the mean elastic constants obtained for isotropic assumption. In each case, the transverse isotropic elastic constants are close to the the isotropic constants and the same pairing of the frequencies has been obtained. Standard deviations on the constants are larger than in the isotropic case but are still satisfactory small. They are 0.2 − 0.3% for the shear constants, 1.4 − 2.3% for the longitudinal constants and 4.1% for the off-diagonal constant. It shows that our adapted method for the automated pairing of the frequencies could be used not only for isotropic materials but also anisotropic materials, for which the space of the parameters has much more dimensions.
CONCLUSION
The adapted RUS method proposed in this study allows an automated assessment of the elastic properties of small cylindrical viscoelastic samples with a reproducibility of a few percents, which is a significant improvement over traditional methods based on velocity measurements. The method has been validated on PMMA samples (Q ≈ 40), which is an isotropic material with damping comparable to that of bone (Q ≈ 25, [3] ). However, the whole process has been also validated for a transversely isotropic elasticity assumption, which makes it suitable for the characterization of cortical bone specimens. The method could also be useful on engineering materials with comparable damping, such as composite plastic materials. The proposed approach for the inverse problem is quite general and could also be used for other sample shapes and other degrees of anisotropy. 
Study Longitudinal wave velocity Shear wave velocity
Present 2719 ± 10 1366 ± 2 [11] 2685 ± 20 1365 ± 10 [12] 2756.4 ± 0.3 1401.5 ± 0.9
